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ABSTRACT
An important phase transition in black hole thermodynamics is associated with the
divergence of the specific heat with fixed charge and angular momenta, yet one can demon-
strate that neither Ruppeiner’s entropy metric nor Weinhold’s energy metric reveals this
phase transition. In this paper, we introduce a new thermodynamical metric based on the
Hessian matrix of several free energy. We demonstrate, by studying various charged and
rotating black holes, that the divergence of the specific heat corresponds to the curvature
singularity of this new metric. We further investigate metrics on all thermodynamical poten-
tials generated by Legendre transformations and study correspondences between curvature
singularities and phase transition signals. We show in general that for a system with n-pairs
of intensive/extensive variables, all thermodynamical potential metrics can be embedded
into a flat (n, n)-dimensional space. We also generalize the Ruppeiner metrics and they are
all conformal to the metrics constructed from the relevant thermodynamical potentials.
1 Introduction
Recently there has been considerable interest in applying the AdS/CFT correspondence [1]
to understand certain aspects of condensed matter physics. In these studies, non-extremal
black holes that are asymptotically anti-de Sitter (AdS) are the most natural backgrounds
in the gravitational dual. This is due to the fact that a condensed matter system usually
has a non-vanishing temperature, while gravitational configurations with temperature and
appropriate asymptotic behaviors always lead to non-extremal black holes.
For asymptotically Minkowski spacetime, there can be one and only one Schwarzschild
black hole at a given temperature. It has negative specific heat and evaporates via Hawking
radiation. For an AdS Schwarzschild black hole, the story is different. The boundary of
the AdS spacetime acts like a thermal box [2], and as such, black holes can only emerge
above certain minimum temperatures. Above these minimum temperatures, there can be
two types of black holes: the small ones are much like the usual Schwarzschild black hole of
negative specific heat, whilst the big ones have positive specific heat and are locally stable.
With the increasing of the temperature, the Helmoltz free energy of the large black holes can
become less than the thermal background. This implies that above certain temperature pure
thermal radiation in AdS becomes unstable and collapses to form black holes. This phase
transition from the AdS thermal radiation to a black hole phase was discovered by Hawking
and Page [3]. It turns out that the Hawking-Page phase transition can be interpreted, via
the AdS/CFT correspondence, as a transition from a low-temperature confining phase to a
high temperature de-confining phase in the boundary field theory [4].
It is natural to generalize the AdS Schwarzschild black hole to higher dimensions and to
include charges and angular momenta. The thermodynamical properties of the Reinssner-
Nordstro¨m (RN) AdS black holes in arbitrary dimensions were studied in [5], and those of
the Kerr-Newman-AdS black holes in [6]. It turns out that in those cases, locally stable black
holes with positive specific heat exist for all temperature, including zero temperature which
corresponds to the extremal limit. Increasing the temperature from zero, the (locally-stable)
small black hole can undergo a first-order phase transition to become a large black hole, for
charges or angular momenta less than certain critical values. This thermodynamical phase
transition is different from the global Hawking-Page phase transition and it is characterized
by the divergence of thermodynamical linear response function such as the specific heat. In
this paper, we shall consider mainly this type of local thermodynamical phase transitions.
When the number of conserved quantities such as charges and angular momenta in-
creases, the phase transitions become more and more complicated. In gauged supergravi-
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ties, large classes of non-extremal charged rotating AdS black holes have been constructed
[7, 8, 9, 10]. It would then be extremely useful to have a relative simple mechanism to
identify phase transition points. One way is to study the thermodynamical geometry on
the state space.
An important question now is how to construct metrics on this space. The simplest con-
struction is based on the Hessian matrix of a certain quantity such as a thermodynamical
potential, which is a function of either temperature or entropy together with other exten-
sive variables. Consider a function f with variables xi, i = 1, · · · , n, the elements of the
corresponding Hessian matrix are hi,j = ∂
2f/(∂xi∂xj). One can then construct a geometry
with xi as coordinates and hi,j as the metric components, i.e.
ds2 = gijdx
idxj , with gij = hi,j . (1.1)
The first of such a metric in thermodynamics was introduced by Weinhold [11], making use
of the first law of thermodynamics dM = TdS +
∑
µidNi, as the energy M is naturally a
function of the entropy and extensive variables Ni. Ruppeiner later introduced a different
metric, treating the entropy as the generating function depending on M and N i [12]. At
the first sight, Ruppeiner’s entropy metric would appear to be most appropriate for black
holes since the entropy, evaluated on the horizon, is rather different from the energy and Ni,
which are all evaluated at the asymptotic infinity. However, it turns out that the Ruppeiner
metric is related to the Weinhold’s energy metric by an overall conformal factor 1/T [13].
There have been considerable amount of works in understanding these thermodynamical
geometries of black holes, in particular to space-times which asymptote to AdS [14]-[26].
It should be mentioned right away that any geometry can only be non-trivial with at least
two dimensions. However, the Hawking-Page phase transition of the AdS Schwarzschild
black hole occurs in a one-dimensional system with only energy as its solution variable.
This serves as a warning about the limitation of thermodynamical metrics. Nevertheless,
studies of black holes with additional extensive variables have all painted a tantalizing
picture relating curvature singularities of Ruppeiner or Weinhold metrics to phase transition
points.
The signal of a phase transition typically appears when a capacity, such as the specific
heat, charge capacitance or moment of inertia, changes the sign, which implies a change of
stability. The sign change of these quantities can only happen by going through either zero
or infinity. It was shown in [23] that whilst the Ruppeiner and Weinhold metrics indeed
reveal the signals of black hole phase transitions associated with divergence of specific heat
with fixed electric potential or angular velocity, they are insensitive to the Davies curve [27]
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where the specific heat with fixed charge and/or angular momentum diverges. Various ad
hoc modifications for the geometries were proposed [18, 22].
In this paper, we introduce new metrics based on the Hessian matrix of all thermo-
dynamical potentials generated by Legendre transformations of the black hole energy or
entropy. We calculate the corresponding Ricci scalars for various black holes and find that
the collection of all curvature singularities are in one-to-one correspondence to the collec-
tion of threshold points of all capacities. In particular we find that the free-energy metric
is always associated with the Davies curve.
The paper is organized as follows. In section 2, we present a general discussion of ther-
modynamical metrics. We show that all thermodynamical potential metrics including the
Weinhold metric can be embedded into a higher-dimensional flat space. We also generalize
the Ruppeiner metric and all these generalizations are conformal to the relevant potential
metrics. In section 3, we consider Reissner-Nordstro¨m black holes in general dimensions.
By examining all capacities including both specific heat CQ and CΦ and both charge ca-
pacitances ĈT and ĈS, we find that there are two threshold points where these quantities
change sign by going through either infinity or zero. We calculate the Ricci scalar curva-
ture for both Weinhold and Ruppeiner metrics and they share one same singularity that is
precisely located at one of the threshold points. However, these two metrics are insensitive
to the second threshold point. This prompts us to derive the Ricci scalar of the free-energy
metric, and we find that its singularity corresponds to precisely the second threshold point.
It is natural then to consider metrics generated by all thermodynamical potentials obtained
by Legendre transformations. We find that they form conjugate pairs, in which the metrics
are negative of each other. For RN AdS black holes, curvature singularities of Weinhold
and free-energy metrics, obtained via Legendre transformations of the energy, give rise the
to full set of threshold points.
In section 4, we consider the Kerr-Newman-AdS black hole in four dimensions. In
this case, there are a total of twelve capacity-type quantities and eight thermodynamical
potentials. We find that the full collection of threshold points of twelve capacities is exactly
the same as that of curvature singularities of metrics associated with the eight potentials.
In section 5, we consider Kerr-AdS black holes. Owing to the complexity in the general
case, we consider only four special examples. These are D = 4 and D = 5 solutions and
general dimensional solutions of specific angular momenta. In section 6, we consider the
Ricci-flat black ring solution with single angular momentum. Although details may be
different in each case, essential features are of the same. We conclude our paper in section
4
7. In appendix A, we examine the van der Waals model and demonstrate that, as in the
cases of black hole thermodynamics, additional metrics are needed and all threshold points
can indeed be revealed. In appendices B and C, we present detailed results for discussions
in sections 4 and 5, respectively.
2 General properties of thermodynamical geometry
In thermodynamical geometries, it is important to construct an appropriate metric for the
equilibrium state space of a thermodynamical system. Let us start with the first law of
thermodynamics
dM = TdS +
n∑
i=1
µidNi . (2.1)
Note that here we have adopted the black hole notations and usedM to denote the “internal”
energy of the system. The system has (n + 1) pairs of intensive/extensive variables (T, S)
and (µi, Ni). Here (µi, Ni) can be pairs of pressure/volume (P, V ), electric potential/charge
(Φ, Q), or angular velocity/momemtum (Ω, J), etc. The whole thermodynamical state space
can be viewed as a 2(n+ 1)-dimensional embedding of the (n+ 1)-dimensional space. The
energy M is a function of (n+1) extensive variables (S,Ni). We find that the energy metric
based on the Hessian matrix introduced by Weinhold can be simply written as
ds2(M) = dTdS +
n∑
i=1
dµidNi . (2.2)
For black hole theromodynamics, this is a particularly convenient way to express the metric.
This is because although the natural variables for M are S and Ni, the thermodynamical
quantities in black holes are typically expressed in terms of parametric variables including
the horizon radius. The explicit function of M in terms of S and Ni is not always available
for a generic black hole. A metric like (2.2) removes the necessity of writing such an explicit
function.
The first law of thermodynamics can also be expressed as
dS =
1
T
dM −
n∑
i=1
µi
T
dNi . (2.3)
It follows that the Ruppeiner entropy metric is given by
ds2(S) = d(
1
T
)dM −
n∑
i=1
d(
µi
T
)dNi
= − 1
T
ds2(M) . (2.4)
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as was demonstrated in [13].
We now generalize the Weinhold energy metric to those of other thermodynamical po-
tentials yielded by Legendre transformations of internal energy M . For example, we may
consider the Helmholtz free energy F =M −TS, as a function of T and Ni, which satisfies
dF = −SdT +
n∑
i=1
µidNi . (2.5)
The corresponding metric is given by
ds2(F ) = −dTdS +
n∑
i=1
dµidNi . (2.6)
Thus we can use parametric variables for thermodynamical quantities to write both the
energy and free-energy metrics. The difference of these two metrics is simply a sign change
of the term dTdS. This clearly simplifies the construction of metrics, by bypassing the
need of obtaining explicit functions M(S,Ni) and F (T,Ni). By considering all possible
thermodynamical potentials, we arrive at a total of 2n+1 metrics, given by
ds2 = ±dTdS +
n∑
i=1
±dµidNi . (2.7)
Here the plus and minus signs are independent. Since the overall “−” factor is trivial, there
are 2n inequivalent metrics. We call thermodynamical potentials (U, U¯ ) a conjugate pair if
they satisfy
U + U¯ = 2M − TS −
n∑
i=1
µiNi . (2.8)
Their associated metrics are negative of each other, i.e.
ds2(U) = −ds2(U¯ ) . (2.9)
It is worth emphasizing that (2.7) implies that all thermodynamical potential metrics
can be embedded in the (n+1, n+1)-dimensional space, with light-cone coordinates (T, S)
and (µi, Ni). The thermodynamical geometries are (n + 1)-dimensional hyper-surfaces in
this (n + 1, n + 1)-dimensional flat space. The metrics (2.7) represent the totality of all
possible flat embeddings. The sign choices in (2.7), except for the overall one, are non-
trivial and cannot be absorbed by redefining the variables since it would imply different
embedding functions.
Generalizations of the Ruppeiner metric are straightforward. They are all conformal to
one of the potential metrics. For example, let us consider a thermodynamical potential U ,
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satisfying
dU =
n∑
α=0
µ˜αdN˜α . (2.10)
The U metric is given by ds2(U) =
∑
α dµ˜αdN˜α. The Ruppeiner-like metric based on the
Hessian matrix on the function N˜β is then given by
ds2(N˜β) = − 1
µ˜β
ds2(U) . (2.11)
Note that the natural variables for N˜β are U and Nα’s with α 6= β.
Having presented the general discussion of the thermodynamical metrics, we shall study
some specific examples in the following sections.
3 Reissner-Nordstro¨m AdS black holes
Let us consider the Einstein-Maxwell theory with a negative cosmological constant in d
dimensions. The Lagrangian is given by
L = √−g
(
R− 14F 2 + (d− 1)(d − 2)λ2
)
, (3.1)
where F = dA is the field strength for the U(1) vector potential A. Here, we decided to pa-
rameterized the cosmological constant by the inverse AdS radius, λ ≡ 1ℓ . The theory admits
an electrically-charged solution, often denominated in the literature Reissner-Nordstro¨m
AdS black hole, given by
ds2 = −V dt2 + dr
2
V
+ r2dΩ2d−2 , A =
qν
rd−3
dt ,
V = 1 + λ2r2 − m
rd−3
+
q2
r2(d−3)
, ν =
√
2(d− 2)
d− 3 . (3.2)
The mass m and the charge q are conserved quantities. The horizon of the black hole is
located at r = r0, which is the largest real root of V . For later convenience, we may express
m in terms of r0,
m =
q2
rd−30
+ rd−30 (1 + λ
2r20) . (3.3)
It is straightforward to obtain thermodynamical quantities such as the Hawking tempera-
ture, entropy, electric potential, charge and mass. They are given by
T =
1
4π
(d− 3
r0
− (d− 3)q
2
r2d−50
+ (d− 1)λ2r0
)
, S = 14r
d−2
0 ωd−2 ,
Φ =
qν
rd−30
, Q =
(d− 3)qνωd−2
16π
,
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M =
(d− 2)(q2r60 + r2d0 (1 + λ2r20))ωd−2
16πrd+30
. (3.4)
Here ωd−2 = 2π
(d−1)/2/(12 (d − 3))! is a pure numerical factor measuring the volume of the
unit round (d−2)-sphere. Note that these quantities satisfy the first law of thermodynamics,
dM = TdS +ΦdQ . (3.5)
An important quantity in thermodynamics is the specific heat defined by C ≡ T (∂S/∂T ).
For Tangherlini-Schwarzschild black holes, corresponding to q = 0 and λ = 0 in our case,
the specific heat is given by C = −14(d−2)rd−20 ωd−2, which is always negative and signaling
a local thermodynamical instability. For AdS Schwarzschild black holes, it is given by
C =
(d− 2)πrd−10 ωd−2T
(d− 1)λ2r20 − (d− 3)
. (3.6)
There is a minimal temperature Tmin =
1
2πλ
√
(d− 1)(d− 3), corresponding to λ2r20 =
(d− 3)/(d− 1), above which black holes can tunnel to existence. This is also a temperature
at which the above specific heat diverges. For a given temperature higher than Tmin, there
could be two types of black hole solutions, the small ones with λ2r20 < (d− 3)/(d− 1) have
negative specific heat, whilst the big ones with λ2r20 > (d− 3)/(d− 1) have positive specific
heat and are locally stable. The Helmoltz free energy is given by
F =
1
16π
rd−30 (1− λ2r20) . (3.7)
When the temperature is above T = 12π (d−2)λ, corresponding to λr0 > 1, the large locally-
stable black holes start to have negative free energy and hence are more probable than the
pure AdS radiation [3].
For general RN AdS black holes, their phase transitions were studied in detail in [5].
Owing to the existence of charges, there can be extremal and near-extremal black holes,
which are locally stable. Locally stable RN black holes can exist at all temperature. When
the temperature increases, small black holes can have a phase transition to become a large
black hole with discontinuous entropy. This is rather different from the global Hawking-
Page phase transition and is characterized by the divergence of the specific heat. To be
specific, one may define the specific heat for either constant charge Q or constant electric
potential Φ, given by
CQ ≡ T ∂S
∂T
∣∣∣
Q
=
∂M
∂T
∣∣∣
Q
=
(d− 2)πrd−10 ωd−2T
ζ1
.
CΦ ≡ T ∂S
∂T
∣∣∣
Φ
= −(d− 2)πr
3d−1
0 ωd−2T
ζ2
. (3.8)
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where
ζ1 = (d− 1)λ2r20 − (d− 3)(1− (2d − 5)r2(3−d)0 q2) ,
ζ2 = r
2d
0 (d− 3− (d− 1)λ2r20)− (d− 3)q2r60 . (3.9)
One may also introduce analogously charge capacitances at fixed temperature or entropy,
given by
C˜T ≡ ∂Q
∂Φ
∣∣∣
T
=
(d− 3)r3(d−1)0 ωd−2ζ1
16πζ2
,
C˜S ≡ ∂Q
∂Φ
∣∣∣
S
= 116π (d− 3)rd−30 ωd−2 . (3.10)
We see that C˜S is positive definite while the other three C’s may change signs. There are
two threshold points,
ζ1 = 0 , and ζ2 = 0 . (3.11)
For non-vanishing q, ζ1 and ζ2 cannot vanish simultaneously. For zero cosmological constant,
the condition for ζ2 = 0 coincides with T = 0. The solution becomes extremal and the
mass/charge relation is saturated, i.e. M = Mmin ≡ νQ. The condition for ζ1 = 0 implies
that
M =
√
2(d − 2)3
(d− 3)(2d − 5) Q > Mmin . (3.12)
These threshold points are of two types. For one type, the corresponding specific heat
and/or charge capacitance changes sign by going through infinity. This is the case for CΦ
and C˜T at ζ2 = 0, and also CQ at ζ1 = 0. For the other type, a capacity changes sign
by going through zero, as C˜T at ζ1 = 0. For all black hole examples we have examined
in this paper, the vanishing of a certain capacity is always associated with the divergence
of another. Thus we shall not be very strict on distinguishing the divergent or vanishing
points. As we shall see in section 6, the situation for the five-dimensional black ring is
somewhat different.
Such threshold points signal the change of stability and hence are typically associated
with certain phase transitions. The phase transition associated with the divergence of CQ
was well studied in [5]. A new type of phase transition for the RN black hole associated with
the divergence of CΦ was recently suggested in [25, 26]. It is natural to expect that these
important phase-transition points can be seen in a thermodynamical metric, as curvature
singularities. As discussed in section 2, the Weinhold and Ruppeiner metrics can be written
as
ds2(M) = dTdS + dΦdQ , ds2(S) = − 1
T
ds2(M) . (3.13)
9
Their Ricci scalars can be readily calculated, given by
R(M) =
16π(d − 3)2r3(d+1)0
(d− 2)ωd−2ζ22
,
R(S) =
(d− 1)λ2R(M)
16π2(d− 3)2r4dT
(
3(d− 3)q2r60 − r2d0 (3(d− 3)− (d− 1)λ2r20)
)
×(
(d− 3)(d − 2)q2r60 + r2d0 ((d − 3)(d− 4) + (d− 1)(d − 2)λ2r20)
)
. (3.14)
We see that the curvature singularity of these metrics are related to the phase transition
associated with the vanishing of ζ2, but not ζ1. In Ruppeiner geometry, there is an additional
curvature singularity at T = 0, corresponding to the extremal limit of the black holes. It
is worth remarking that when the cosmological constant parameter λ = 0, the Ruppeiner
curvature vanishes and hence reveals no information at all.
The inability of the Weinhold and Ruppeiner metrics to probe the phase transition
associated with the vanishing of ζ1 prompts us to look for other types of thermodynamical
geometries. We construct a new metric based on the Hessian matrix of the free energy,
defined by
F (T,Q) =M − TS , dF = −SdT +ΦdQ . (3.15)
For RN AdS black holes, we have
F =
(2d− 5)q2r60 + r2d0 (1− λ2r20)
16πrd+30
. (3.16)
As discussed in section 2, it is not always convenient nor necessary to use natural variables
(T,Q) to construct the free-energy metric. We shall use the (r0, q) variables and the flat-
space embedding metric,
ds2(F ) = −dT dS + dΦ dQ . (3.17)
Substituting the thermodynamical quantities in (3.4), we obtain the free-energy metric with
(r0, q) coordinates. The Ricci scalar for the free-energy metric is then given by
R(F ) =
16(d − 3)2πr3(d+1)0 (d− 2− (d− 1)λ2r20)
(d− 2)ωd−2ζ21
. (3.18)
The curvature singularity corresponds precisely to the phase transition at ζ1 = 0, associated
with the divergence of the specific heat CQ.
We have also investigated other Legendre transformations, namely F¯ (S,Φ) = M − ΦQ
and M¯(T,Φ) =M − TS −ΦQ. As discussed in section 2, they are conjugates to F and M
respectively. It follows then
R(F¯ ) = −R(F ) , R(M¯) = −R(M) . (3.19)
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There are no further curvature singularities by considering these additional metrics. This
is encouraging since we do not expect any further phase transitions in the RN AdS black
holes. The totality of curvature singularities of all metrics is exactly the same as the totality
of capacity threshold points. In [18], a generalized Ruppeiner metric was considered with
variables (M,Q) replaced by (M −ΦQ,Φ). It follows from the discussion in section 2, that
metric is conformal to our ds2(F ) = −ds2(F¯ ) with a conformal factor 1/T . It has the same
singularity as the one associated with the divergence of CQ.
It should be remarked that although thermodynamical geometries reveal precisely the
signals of phase transitions of the first order associated with the divergence of capacities,
it lacks the power to reveal conveniently subtle points such as the emergence of the second
order phase transitions. It follows from (3.4) that we can treat the parameters (r0, q) as
describing independently the entropy and charge respectively. It is clear from the tem-
perature expression in (3.4) that in general there are two threshold points associated with
the divergence of the specific heat at the fixed charge Q. When the two minima of T (S)
merge, the first-order phase transitions degenerate into a second order one. This occurs
when q = q′ and r0 = r
′
0, given by
q′2 =
r
′2(d−3)
0
(d− 2)(2d − 5) , r
′2
0 =
(d− 3)2
(d− 1)(d − 2)λ2 . (3.20)
When q > q′, the specific heat is always positive and non-infinity, and hence there is no phase
transition. When q = q′, the specific heat is always positive and there is a second-order
phase transition occurs whenever
T =
(d− 3)
√
(d− 2)(d − 1)λ
(2d− 5)π . (3.21)
For 0 < q < q′, there is a phase transition of the first order.
4 Kerr-Newman-AdS black holes
An analytical solution for the rotating charged black holes of Einstein-Maxwell theories with
or without cosmological constant is only known for d = 4, and it is called the Kerr-Newman-
(AdS) black hole [28]. Charged rotating black holes in five-dimensional minimum gauged
supergravity are also known [9]. However, this theory contains an additional Chern-Simons
term.
The thermodynamical properties for the Kerr-Newman-AdS black hole were analyzed
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in [6]. The thermodynamical quantities are given by
T =
r20(1 + (3r
2
0 + a
2)λ2)− q2 − a2
4πr0(r20 + a
2)
, S =
π(r20 + a
2)
Ξ
,
Ω =
a(1 + λ2r20)
r20 + a
2
, J =
am
Ξ2
, Φ =
qr0
r20 + a
2
, Q =
q
Ξ
, M =
m
Ξ2
, (4.1)
where the parameters m and Ξ are given by
m =
(r20 + a
2)(1 + λ2r20) + q
2
2r0
, Ξ = 1− λ2a2 . (4.2)
The specific heat at constant angular momentum and charge is given by [6]
CJ,Q =
4πMTS
1− 4πT (2M + TS) + 2λ2(Q2 + 3π−1S) + 6π−2λ4S2 . (4.3)
The Ruppeiner geometry of the Kerr-Newman black hole was studied in [23]. The curvature
is not sensitive to the Davies curve where the specific heat CJ,Q diverges. It follows from
the previous discussion that this phase transition is expected to be related to the curvature
singularity of the free-energy metric. Indeed, it is straightforward to verify that the de-
nominator for the Ricci scalar R(F ) is the same as that of CJ,Q up to trivial non-vanishing
factors.
In the following, we shall use D(X) to denote the denominator of a quantity X. The
denominator of the Ricci scalar of the Weinhold metric is given by
D(R(M)) = 4m2r20ζ
2 , (4.4)
where
ζ = (r20 + a
2)(1 + λ2r20)(r
2
0 + a
2 + λ2r20(a
2 − 3r20)) + q2(3a2 − r20 − λ2r20(r20 + a2)) . (4.5)
As one would have expected, this factor appears precisely in the denominators of both
charge capacitance C˜T,Ω and moment of inertia ĈT,Φ, defined by
1
C˜T,Ω =
∂Q
∂Φ
∣∣∣
T,Ω
, ĈT,Φ =
∂J
∂Ω
∣∣∣
T,Φ
. (4.6)
The denominator of the Ricci scalar in the Ruppeiner geometry is
D(R(S)) = 4π2r0(r
2
0 + a
2)T D(R(M)) . (4.7)
1We use C, C˜ and Ĉ to denote specific heat, charge capacitance and moment of inertia, respectively. The
subscripts denote quantities that are held fixed.
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Note that there are a total of eight thermodynamical potentials related by Legendre
transformations. To systematically study curvature singularities and capacity threshold
points, we label them as follows
M , M¯ =M − TS − ΦQ− ΩJ ,
F =M − TS , F¯ =M − ΦQ− ΩJ ,
H =M − ΦQ , H¯ =M − TS − ΩJ ,
L =M − ΩJ , L¯ =M − TS − ΦQ , (4.8)
Following discussions in section 2, the barred and unbarred quantities are conjugate pairs.
There are a total of four independent Ricci scalar quantities, and each one gives rise to
one singularity, resulting in total of four different singularities. There are twelve capaci-
ties: four specific heat, four charge capacitances, and four moments of inertia. There are
eight capacities that involve a total of four threshold points, corresponding precisely the
four curvature singularities. The relationship between curvature singularities and capacity
threshold points can be summarized as follows
R(M¯) = −R(M) −→ ∂Q
∂Φ
∣∣∣
T,Ω
∼ ∂J
∂Ω
∣∣∣
T,Φ
∼ T ∂S
∂T
∣∣∣
Φ,Ω
,
R(F¯ ) = −R(F ) −→ ∂M
∂T
∣∣∣
Q,J
,
R(H¯) = −R(H) −→ ∂J
∂Ω
∣∣∣
T,Q
∼ T ∂S
∂T
∣∣∣
Q,Ω
,
R(L¯) = −R(L) −→ ∂Q
∂Φ
∣∣∣
T,J
∼ T ∂S
∂T
∣∣∣
Φ,J
. (4.9)
Here “∼” links terms which have the same pole. The remaining quantities ∂Q/∂Φ
∣∣∣
S,J
,
∂Q/∂Φ
∣∣∣
S,Ω
, ∂J/∂Ω
∣∣∣
S,Φ
and ∂J/∂Ω
∣∣∣
S,Q
have no threshold points. We see that all possible
phase transitions correspond to curvature singularities of certain thermodynamical metrics.
See appendix B for explicit results.
5 Kerr-AdS black holes
General Kerr-AdS black holes were constructed in [29]. Their thermodynamical quantities
were obtained in [30], which we adopt for our calculation. Their general thermodynamical
geometries are complicated. We shall consider only some special and simple cases.
Four dimensions:
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Although this is a special case of the Kerr-Newman-AdS black hole discussed in the
previous section, it is instructive to list it here. The thermodynamical metrics are two-
dimensional, and we find the following scalar curvatures for the F (T, J), M(S, J) and
S(M,J) metrics:
R(F ) =
P1(r0, a, λ)
r0ζ21
, R(M) =
λ2P2(r0, a, λ)
(r20 + a
2)ζ22
, R(S) =
P3(r0, a, λ)
4π2(r20 + a
2)T ζ22
, (5.1)
where Pi are non-singular polynomial functions of r0, a, λ, and
ζ1 = 3a
4 + 6a2r20 − r40 + (a6 + 13a4r20 + 23a2r40 + 3r60)λ2 + a2r20(a2 + 3r20)2λ4 ,
ζ2 = −r20 − a2 + λ2r20(3r20 − a2) . (5.2)
All specific heats and moments of inertia are given by
CJ ≡ T ∂S
∂T
∣∣∣
J
=
8πr0(r
2
0 + a
2)3T
(1− a2λ2)ζ1
, CΩ ≡ T ∂S
∂T
∣∣∣
Ω
=
8π2r30(r
2
0 + a
2)T
(1− a2λ2)ζ2
,
ĈT ≡ ∂J
∂Ω
∣∣∣
T
=
(r20 + a
2)ζ1
2r0(1− a2λ2)3ζ2 , ĈS ≡
∂J
∂Ω
∣∣∣
S
=
(r20 + a
2)3
2r30(1− a2λ2)3
, (5.3)
The relationship between curvature singularities and capacity thresholds is clear.
Note that the λ2 factor in R(M) implies that the Ricci scalar for the Weinhold metric
vanishes for zero cosmological constant. It appears that the Weinhold metric fails to predict
the phase transition associated with the divergence of the moment of inertia. However, as
we can see from (5.2) that ζ2 has no zero when λ = 0, and hence ĈT will not diverge.
Five dimensions:
In this case, there are three conserved quantities, mass and two angular momenta,
parameterized by r0 and a and b. The scalar curvature for the Weinhold metric in this case
diverges when
r40(1 + λ
2(a2 + b2 − 2r20))− a2b2 = 0 . (5.4)
As in the previous case, this divergence coincides with the divergence of the moments of
inertia, defined by
ĈT,Ωb ≡
∂Ja
∂Ωa
∣∣∣
T,Ωb
, ĈT,Ωa ≡
∂Jb
∂Ωb
∣∣∣
T,Ωa
. (5.5)
They turn out to have the same divergent pole. For the Ruppeiner geometry, we find the
same relationship as (4.7).
A new feature arises in the free-energy metric. There are two singularities in the Ricci
scalar R(F ). One is associated with the divergence of the specific heat CJa,Jb . The other is
located at
a2b2 + (a2 + b2)r2 − 3r40 = 0 , (5.6)
14
which does not explicitly depend on the cosmological constant. It turns out that this point
corresponds to the divergence of the moments of inertia defined by
ĈS,Ωb ≡
∂Ja
∂Ωa
∣∣∣
S,Ωb
, ĈS,Ωa ≡
∂Jb
∂Ωb
∣∣∣
S,Ωa
. (5.7)
Both moments of inertia have the same divergent pole.
To summarize, there are a total of eight thermodynamical potentials related to each
other by the Legendre transformations, given by
M , M¯ =M − TS − ΩaJa − ΩbJb ,
F =M − TS , F¯ =M − ΩaJa − ΩbJb ,
La =M − ΩaJa , L¯a =M − TS − ΩbJb ,
Lb =M − ΩbJb , L¯b =M − TS − ΩaJa . (5.8)
The following are the relations between curvature singularities and capacity thresholds:
R(M) = −R(M¯) −→ T ∂S
∂T
∣∣∣
Ωa,Ωb
∼ ∂Ja
∂Ωa
∣∣∣
T,Ωb
∼ ∂Jb
∂Ωb
∣∣∣
T,Ωa
,
R(F ) = −R(F¯ ) −→ T ∂S
∂T
∣∣∣
Ja,Jb
,
∂Ja
∂Ωa
∣∣∣
S,Ωb
∼ ∂Jb
∂Ωb
∣∣∣
S,Ωa
,
R(La) = −R(−L¯a) −→ ∂Ja
∂Ωa
∣∣∣
S,Jb
, T
∂S
∂T
∣∣∣
Ja,Ωb
∼ ∂Jb
∂Ωb
∣∣∣
T,Ja
,
R(Lb) = −R(−L¯b) −→ ∂Jb
∂Ωb
∣∣∣
S,Ja
, T
∂S
∂T
∣∣∣
Jb,Ωa
∼ ∂Ja
∂Ωa
∣∣∣
T,Jb
. (5.9)
The Weinhold metric and its conjugate pair have one singularity whilst the remaining 6
metrics all have two singularities. It is important to emphasize that all possible phase tran-
sition signals, associated with the divergence of any of the twelve capacities, are captured
by curvature singularities. Conversely, there is not a single curvature singularity that is not
related to a phase transition signal. Detailed results can be found in appendix C.
Kerr-AdS with a single angular momentum:
In this case, we take a1 = a and ai = 0 for i ≥ 2. As in the general D = 5 case, there are
two curvature singularities in the metric associated with the free-energy. One corresponds
to the divergence of the specific heat CJ , whilst the other occurs when we have
d = 2N + 1 : r20 =
(2N − 3)a2
2N − 1 .
d = 2N + 2 : r20 =
(N − 1)a2
N
. (5.10)
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This point corresponds to the divergence of the moment of inertia
ĈS =
∂Ja
∂Ωa
∣∣∣
S
. (5.11)
The Weinhold and Ruppeiner metrics give no new results. We have R(M) ∼ CΩ ∼ ĈT
and D(R(R)) = TD(R(M)).
Kerr-AdS with all equal angular momenta:
In this case, we take ai = a for all i. We find the same correspondence between the
free-energy metric and the specific heat CJ . There appears to be a correspondence between
the curvature singularity and the divergence of the capacitance CS , since both the Ricci
scalar and the capacitance have the same factor in the denominator, namely (2N−1)r20+a2.
However, this factor can never be zero. The result for the Weinhold and Ruppeiner geometry
is the same as that of previous examples.
6 Black Ring
The black ring solution in five dimensions with single angular momentum was first obtained
in [31]. We shall adopt the notation of [32], and the thermodynamical quantities are given
by
T =
1
2π
η2(η1 + η2) , S =
π2
2η2(η21 − η22)(η1 + η2)3
,
Ω = (η21 − η22)
√
η2
η1
, J =
πη
3
2
1
4η
3
2
2 (η
2
1 − η2)2(η1 + η2)2
, (6.1)
where η1 > η2 > 0 and η1η2 < 1. The Ruppeiner geometry of this system was studied in
[33].
In this case, we find that the Weinhold metric is flat. This should imply that there is
no phase transition associated with the moment of inertia at constant temperature. It is
indeed the case, as we shall see next. The Ricci scalars for the free-energy and Ruppeiner
metrics are given by
R(F ) = −192η1η2(η1 − η2)
2(η1 + η2)
6(η21 − 2η1η2 + 9η22)
π(η21 − 6η1η2 − 3η22)2(3η21 + 2η1η2 + 3η22)2
,
R(S) = −2η2(η1 − η2)
2(η1 + η2)
3(η21 − 6η1η2 − 3η22)
π2(η1 − 3η2)2 . (6.2)
Each gives a singularity, corresponding to η21 − 6η1η2 − 3η22 = 0 or η1 = 3η2. These points
should be related to certain phase transitions. For the Emparan-Reall black ring, one
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can readily calculate both the specific heat at constant angular momentum J and angular
velocity Ω,
CJ =
3π2(η1 − 3η2)
2(η1 − η2)η2(η1 + η2)3(3η21 + 2η1η2 + 3η22)
,
CΩ =
π2(η21 − 6η1η2 − 3η22)
2η2(η1 − η2)(η1 + η2)6 , (6.3)
and moments of inertia at constant T or S:
ĈT = −πη
2
1(3η
2
1 + 2η1η2 + 3η
2
2)
4η22(η1 − η2)3(η1 + η2)7
,
ĈS = − 3πη
2
1(η1 − 3η2)
4(η1 − η2)3η22(η1 + η2)4(η21 − 6η1η2 − 3η22)
. (6.4)
We note that ĈT has neither pole nor zero, consistent with the flat Weinhold geometry. The
singularity of R(F ) corresponds to the divergence of ĈS, not CJ . This is very different from
previous black hole thermodynamics. Although R(F ) and CJ share a common denominator,
it does not vanish. Another new feature is that curvature singularity of the Ruppeiner metric
corresponds to the zero of CJ and ĈS, instead of a typical divergent point.
7 Conclusions
A geometrical understanding of the state space of a thermodynamical system has been
proposed for thirty years. Its application in black hole thermodynamics has generated
interesting results. An important and difficult question is how to construct an appropriate
metric over the space. People have been focusing on mainly two metrics, the energy metric
proposed by Weinhold and the entropy metric proposed by Ruppeiner.
By investigating various black holes, we find that although the energy and entropy met-
rics can reveal certain phase transitions at their curvature singularities, they miss some
important ones, including the phase transition along the Davies curve where the specific
heat with constant charge and angular momentum diverges. We generalize this procedure
and consider other thermodynamical potentials via Legendre transformations as the seed
function for the Hessian matrix. We find that the curvature singularity of the free-energy
metric is always located along the Davies curve. We obtain the full set of curvature sin-
gularities for all the metrics generated by thermodynamical potentials. We find that they
form conjugate pairs: the metrics are negative of each other.
A black hole in a supergravity theory can typically involve many conserved quantities,
including the mass, charges and angular momenta. There are three types of capacities:
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the specific heat, charge capacitances and momenta of inertia. There may exist a few
threshold points where these capacities change sign, signaling a change of stability and
phase transitions. For all black holes and a black ring we have examined, we find that the
full collection of these thresholds is exactly the same as the full collection of the curvature
singularities. We expect that this is true for all thermodynamical systems. On the other
hand, we did not find a thermodynamical metric which could signal all of the thermodynamic
phase transitions. This should not be surprising since different thermodynamical phase
transitions occur in very different ensembles. It is reasonable to expect that only the metric
of an appropriate thermodynamical potential is relevant to a particular phase transition.
A thermodynamical system with n pairs of intensive/extensive variables (µi, Ni) have
an n-dimensional state space that can be viewed as an embedding space of 2n-dimensional
flat space with (µi, Ni) as coordinates. There exist a total of 2
n−1 inequivalent thermo-
dynamical potential metrics based on the Hessian matrix, which are in turn possible to
embed in flat (n, n)-dimensional space. This provides a rather simple geometric picture of
thermodynamical state space. Furthermore it also provides a very simple mechanism to
compute the metrics and curvature invariants. The questions of the physical significance of
these metrics and what is the principle underling their relationship with phase transitions
remain open.
Acknowledgement
We are grateful to Jim Ferguson and Pang Yi for useful discussions, and to KITPC for
hospitality. We are also grateful to the referee for proofreading our manuscript. H. Liu
and M. Luo are supported in part by the National Science Foundation of China (10425525,
10875103), National Basic Research Program of China (2010CB833000), and Zhejiang Uni-
versity Group Funding (2009QNA3015).
A The Van der Waals Model
In this appendix, we consider the thermodynamical geometry for the Van der Waals model.
Its similarity with the black hole thermodynamics was noted in [24]. We shall demonstrate,
as in the case of black holes, additional thermodynamical metrics are necessary to probe all
the phase transitions. Adopting the notation in [24], the free-energy for the Van der Waals
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model is given by
F = N(−cvT log T − ζT + ǫ)−NT log(e(V −Nb)N−1)−N2aV −1 , (A.1)
where F is a function of T and V , satisfying
dF = −SdT + PdV . (A.2)
For simplicity, we set ζ = 1 and ǫ = 1. The entropy and pressure are given by
S = N(cv(1 + log T ) + log(e(V −Nb)N−1)) , P = N
( T
Nb− V +
Na
V 2
)
. (A.3)
The (P, V ) pair is very much like the (Φ, Q) or (Ω, J) pairs in black hole physics. There are
a total of four types of capacities, given by
CV = T
∂S
∂T
∣∣∣
V
= cv ,
CP = T
∂S
∂T
∣∣∣
P
=
N((1 + cv)TV
3 − 2acvN(Nb− V )2)
TV 3 − 2Na(Nb− V )2 ,
∂V
∂P
∣∣∣
T
=
(Nb− V )2V 3
Na(TV 3 − 2Na(Nb− V )2) ,
∂V
∂P
∣∣∣
S
=
cvV
3(Nb− V )2
Na((1 + cv)TV 3 − 2acvN(Nb− V )2) . (A.4)
Similar to RN AdS black holes, the system has two threshold points. One difference is
that the CV here is a constant, whilst the corresponding CQ of an RN black hole has a
divergent point, associated with the Davies curve. Note that since the factor (Nb− V )2 is
non-negative, the vanishing of this factor does not correspond to a threshold point. Also
we find that both Ruppeiner and Weinhold curvature reveals only one threshold, associated
with CP , as in the case of the black hole cases discussed in the paper. To be specific, we
have
R(M) =
aV 3(Nb− V )2
cv(TV 3 − 2Na(Nb− V )2)2 ,
R(S) = −2a(Nb− V )
2(TV 3 −Na(Nb− V )2)
cv(TV 3 − 2Na(Nb− V )2)3 . (A.5)
The other divergent point can be revealed by the free-energy metric, i.e.
R(F ) =
acv(3Nb− 2V )V 2(Nb− V )2(
(1 + cv)TV 3 − 2acvN(Nb− V )2
)2 . (A.6)
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B Capacities of Kerr-Newman AdS Black holes
In this appendix, we present some detailed results that were discussed in section 4. The
thermodynamical curvatures are in general too complex to present. Here we only give the
poles:
R(M) = −R(M¯) ∼ 1
ζ21
, R(F ) = −R(F¯ ) ∼ 1
ζ22
,
R(L) = −R(L¯) ∼ 1
ζ23
, R(H) = −R(H¯) ∼ 1
ζ24
, (B.1)
where
ζ1 = −(r20 + a2)(1 + λ2r20)(r20 + a2 + λ2r20(a2 − 3r20)) + q2(r20 − 3a2 + λ2r20(r20 + a2)) ,
ζ2 = 3a
4 + q4
(
3 + a2λ2
)
+ 16a4λ2r20 + 19a
4λ4r40 + 6a
4λ6r60 + a
6
(
λ+ λ3r20
)
2
+r40
(−1 + 2λ2r20 + 3λ4r40)+ a2r20 (6 + 29λ2r20 + 32λ4r40 + 9λ6r60)
+q2
(
a4
(
2λ2 − 2λ4r20
)
+ 2
(
r20 + 3λ
2r40
)
+ a2
(
6 + 8λ2r20 − 6λ4r40
))
,
ζ3 = a
8λ2
(
1 + λ2r20
)
2 + a6
(
3 + 4q2λ2 + 17λ2r20 + 21λ
4r40 + 7λ
6r60
)
+r20
(
q4 − r40 + 4q2λ2r40 + 2λ2r60 + 3λ4r80
)
+3a4
(
q4λ2 + 4q2
(
1 + 3λ2r20 + λ
4r40
)
+ r20
(
3 + 15λ2r20 + 17λ
4r40 + 5λ
6r60
))
+a2
(
3q4
(
3 + λ2r20
)
+ 12q2
(
r20 + 3λ
2r40 + λ
4r60
)
+r40
(
5 + 31λ2r20 + 35λ
4r40 + 9λ
6r60
))
,
ζ4 = −a4
(
1 + λ2r20
)
2 + r20
(
1 + λ2r20
) (
3q2 − r20 + 3λ2r40
)
−a2 (2r20 − 2λ4r60 + q2 (1− 3λ2r20)) . (B.2)
There are a total of twelve capacities: four specific heat, four charge capacitances and four
moments of inertia. It turns out that the vanishing points of these ζi’s are precisely the
threshold points of capacities. Each specific heat involves one ζi. Explicitly,
CQ,J = T
∂S
∂T
∣∣∣
Q,J
=
8π2r0
(
a2 + r20
)
2
(
q2 + r20 + λ
2r40 + a
2
(
1 + λ2r20
))
T
(1− a2λ2) ζ2
CQ,Ω = T
∂S
∂T
∣∣∣
Q,Ω
=
8π2r30
(
a2 + r20
)
2
(
1 + λ2r20
)
T
(1− a2λ2) ζ4
,
CΦ,J = T
∂S
∂T
∣∣∣
Φ,J
=
8π2r0(r
2
0 + a
2)2T
(1− a2λ2) ζ3
(
a4
(
1 + λ2r20
)
+r20
(
q2 + r20 + λ
2r40
)
+ a2
(
q2
(
3 + 2λ2r20
)
+ 2
(
r20 + λ
2r40
)) )
,
CΦ,Ω = T
∂S
∂T
∣∣∣
Φ,Ω
=
8π2r30
(
a2 + r20
)
2
(
1 + λ2r20
)
T
(1− a2λ2) ζ1 (B.3)
Only two charge capacitances and two moments of inertia involve ζi,
C˜T,J =
∂Q
∂Φ
∣∣∣
T,J
=
(
a2 + r20
)
2ζ2
(1− a2λ2) r0 ζ3
,
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C˜T,Ω =
∂Q
∂Φ
∣∣∣
T,Ω
=
(
a2 + r20
)
ζ4
(1− a2λ2) r0ζ1 ,
ĈT,Q =
∂J
∂Ω
∣∣∣
T,Q
= −
(
a2 + r20
)
2ζ2
2 (1− a2λ2)3 r0ζ4
,
ĈT,Φ =
∂J
∂Ω
∣∣∣
T,Φ
= −
(
a2 + r20
)
ζ3
2 (1− a2λ2)3 r0ζ1
. (B.4)
Note that ζ2 and ζ3 can appear in numerators as well. The charge capacitances C˜S,J , C˜S,Ω
and moments of inertia ĈS,Q, ĈS,Φ do not involve ζi. They have neither zero nor pole and
we shall not present them.
C Capacities of Kerr-AdS5 Black holes
In this appendix, we present some detailed results discussed in section 5. The thermody-
namical curvatures are in general too complex to present. Here we only give the poles:
R(M) = −R(M¯) ∼ 1
ζ21
, R(F ) = −R(F¯ ) ∼ 1
ζ22ζ
2
3
,
R(La) = −R(L¯a) ∼ 1
ζ24ζ
2
6
, R(Lb) = −R(L¯b) ∼ 1
ζ25ζ
2
7
, (C.1)
where
ζ1 = a
2b2 − (1 + a2λ2 + b2λ2) r40 + 2λ2r60 ,
ζ2 = −a2b2 −
(
a2 + b2
)
r20 + 3r
4
0 ,
ζ3 = 5a
4b4 + 9a4b2r20 + 9a
2b4r20 + 20a
2b2r40 + 3a
2r60 + 3b
2r60 − r80
+a2b2λ6r40
(
a2 + r20
) (
b2 + r20
) (
3
(
a2 + b2
)
+ 10r20
)
+λ2
(
3a4b4
(
a2 + b2
)
+ 3a2b2
(
a4 + 10a2b2 + b4
)
r20
+39a2b2
(
a2 + b2
)
r40 + 2
(
2a4 + 33a2b2 + 2b4
)
r60
+14
(
a2 + b2
)
r80 + 2r
10
0
)
+ λ4
(
a6b6 + 9a4b4
(
a2 + b2
)
r20
+a2b2
(
9a4 + 46a2b2 + 9b4
)
r40 +
(
a2 + b2
) (
a4 + 43a2b2 + b4
)
r60
+
(
3a4 + 49a2b2 + 3b4
)
r80 + 6
(
a2 + b2
)
r100
)
,
ζ4 = −a2
(
1− b2λ2)+ (3 + b2λ2) r20 ,
ζ5 = −b2
(
1− a2λ2)+ (3 + a2λ2) r20 ,
ζ6 = −b2
(
a2 + r20
) (
3a2 + 3a2λ4r40 + λ
2
(
a4 + 8a2r20 + r
4
0
))
+r40
(
3a2 − r20 + 2λ2
(
2a4 + 7a2r20 + r
4
0
)
+ a2λ4
(
a4 + 3a2r20 + 6r
4
0
))
,
ζ7 = −a2
(
b2 + r20
) (
3b2 + 3b2λ4r40 + λ
2
(
b4 + 8b2r20 + r
4
0
))
+r40
(
3b2 − r20 + 2λ2
(
2b4 + 7b2r20 + r
4
0
)
+ b2λ4
(
b4 + 3b2r20 + 6r
4
0
))
. (C.2)
Note that ζ1, ζ2 and ζ3 are symmetric under the interchange of a and b, whilst ζ4 and ζ5,
ζ6 and ζ7 interchange with each other.
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There are four specific heat, given by
CJa,Jb =
π3
(
3 + b2λ2 + a2λ2 +
(
1− b2λ2)) (a2 + r20) 3 (b2 + r20) 3T
(1− a2λ2) (1− b2λ2) ζ3 ,
CJa,Ωb =
Tζ5π
3
(
a2 + r20
)
3
(
b2 + r20
)
ζ6 (1− a2λ2) (1− b2λ2)
,
CΩa,Jb =
Tζ4π
3
(
a2 + r20
) (
b2 + r20
)
3
ζ7 (1− a2λ2) (1− b2λ2)
,
CΩa,Ωb =
Tζ2π
3
(
a2 + r20
) (
b2 + r20
)
ζ1 (1− a2λ2) (1− b2λ2)
. (C.3)
There are four moments of inertia associated with index a. They are given by
ĈT,Jb =
ζ3π
(
a2 + r20
) (
b2 + r20
)
4ζ7 (1− a2λ2)3 (1− b2λ2) r20
,
ĈT,Ωb =
ζ6π
(
a2 + r20
) (
b2 + r20
)
4ζ1 (1− a2λ2)3 (1− b2λ2) r20
,
ĈS,Jb =
π
(
3 + b2λ2 + a2λ2
(
1− b2λ2)) (a2 + r20) 3 (b2 + r20)
4ζ4 (1− a2λ2)3 (1− b2λ2) r20
,
ĈS,Ωb =
ζ5π
(
a2 + r20
)
3
(
b2 + r20
)
4ζ2 (1− a2λ2)3 (1− b2λ2) r20
. (C.4)
The moments of inertia associated with index b are given above, but with (a, b), (ζ4, ζ5) and
(ζ6, ζ7) interchanged.
References
[1] J.M. Maldacena, The large N limit of superconformal field theories and supergrav-
ity, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)]
[arXiv:hep-th/9711200]; S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory
correlators from non-critical string theory, Phys. Lett. B 428, 105 (1998) [arXiv:hep-
th/9802109]; E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys.
2, 253 (1998) [arXiv:hep-th/9802150].
[2] J.W. York, Black hole thermodynamics and the Euclidean Einstein action, Phys. Rev.
D 33, 2092 (1986).
[3] S.W. Hawking and D. N. Page, Thermodynamics of black holes in anti-de Sitter space,
Commun. Math. Phys. 87, 577 (1983).
[4] E. Witten, Anti-de Sitter space, thermal phase transition, and confinement in gauge
theories, Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131].
22
[5] A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Charged AdS black holes
and catastrophic holography, Phys. Rev. D 60, 064018 (1999) [arXiv:hep-th/9902170];
Holography, thermodynamics and fluctuations of charged AdS black holes, Phys. Rev.
D 60, 104026 (1999) [arXiv:hep-th/9904197].
[6] M.M. Caldarelli, G. Cognola and D. Klemm, Thermodynamics of Kerr-Newman-AdS
black holes and conformal field theories, Class. Quant. Grav. 17, 399 (2000) [arXiv:hep-
th/9908022].
[7] M. Cveticˇ, H. Lu¨ and C.N. Pope, Charged Kerr-de Sitter black holes in five dimensions,
Phys. Lett. B 598, 273 (2004) [arXiv:hep-th/0406196]; Charged rotating black holes in
five dimensional U(1)3 gauged N = 2 supergravity, Phys. Rev. D 70, 081502 (2004)
[arXiv:hep-th/0407058].
[8] Z.W. Chong, M. Cveticˇ, H. Lu¨ and C.N. Pope, Charged rotating black holes in
four dimensional gauged and ungauged supergravities, Nucl. Phys. B 717, 246 (2005)
[arXiv:hep-th/0411045]; Non-extremal charged rotating black holes in seven dimen-
sional gauged supergravity, Phys. Lett. B 626, 215 (2005) [arXiv:hep-th/0412094];
Five-dimensional gauged supergravity black holes with independent rotation parame-
ters, Phys. Rev. D 72, 041901 (2005) [arXiv:hep-th/0505112]; Non-extremal rotating
black holes in five-dimensional gauged supergravity, Phys. Lett. B 644, 192 (2007)
[arXiv:hep-th/0606213].
[9] Z.W. Chong, M. Cveticˇ, H. Lu¨ and C.N. Pope, General non-extremal rotating black
holes in minimal five-dimensional gauged supergravity, Phys. Rev. Lett. 95, 161301
(2005) [arXiv:hep-th/0506029].
[10] D.D.K. Chow, Equal charge black holes and seven dimensional gauged supergrav-
ity, Class. Quant. Grav. 25, 175010 (2008) [arXiv:0711.1975 [hep-th]]; Charged ro-
tating black holes in six-dimensional gauged supergravity, Class. Quant. Grav. 27,
065004 (2010) [arXiv:0808.2728 [hep-th]]; Symmetries of supergravity black holes,
arXiv:0811.1264 [hep-th].
[11] F. Weinhold, J. Chem. Phys. 63 (1075) 2479, ibid J. Chem. Phys. 63 (1975) 2484.
[12] G. Ruppeiner, Thermodynamics: a Riemannian geometric model, Phys. Rev. A20
(1979) 1608; Riemannian geometry in thermodynamic fluctuation theory, Rev. Mod.
Phys. 67, 605 (1995) [Erratum-ibid. 68, 313 (1996)].
23
[13] P. Salamon, J.D. Nulton and E. Ihrig, On the relation between entropy and energy
versions of thermodynamic length, J. Chem. Phys. 80, 436 (1984).
[14] S. Ferrara, G.W. Gibbons and R. Kallosh, Black holes and critical points in moduli
space, Nucl. Phys. B 500, 75 (1997) [arXiv:hep-th/9702103].
[15] R.G. Cai and J. H. Cho, Thermodynamic curvature of the BTZ black hole, Phys. Rev.
D 60, 067502 (1999) [arXiv:hep-th/9803261].
[16] J.E. Aman, I. Bengtsson and N. Pidokrajt, Geometry of black hole thermodynamics,
Gen. Rel. Grav. 35, 1733 (2003) [arXiv:gr-qc/0304015].
[17] S. Carlip and S. Vaidya, Phase transitions and critical behavior for charged black holes,
Class. Quant. Grav. 20, 3827 (2003) [arXiv:gr-qc/0306054].
[18] J.y. Shen, R.G. Cai, B. Wang and R.K. Su, Thermodynamic geometry and critical
behavior of black holes, Int. J. Mod. Phys. A 22, 11 (2007) [arXiv:gr-qc/0512035].
[19] T. Sarkar, G. Sengupta and B. Nath Tiwari, On the thermodynamic geometry of
BTZ black holes, JHEP 0611, 015 (2006) [arXiv:hep-th/0606084]; Thermodynamic
Geometry and Extremal Black Holes in String Theory, JHEP 0810, 076 (2008)
[arXiv:0806.3513 [hep-th]].
[20] B. Mirza and M. Zamani-Nasab, Ruppeiner Geometry of RN Black Holes: Flat or
Curved? JHEP 0706, 059 (2007) [arXiv:0706.3450 [hep-th]].
[21] H. Quevedo and A. Vazquez, The geometry of thermodynamics, AIP Conf. Proc. 977,
165 (2008) [arXiv:0712.0868 [math-ph]].
[22] J.L. Alvarez, H. Quevedo and A. Sanchez, Unified geometric description of black hole
thermodynamics, Phys. Rev. D 77, 084004 (2008) [arXiv:0801.2279 [gr-qc]].
[23] G. Ruppeiner, Thermodynamic curvature and phase transitions in Kerr-Newman black
holes, Phys. Rev. D 78, 024016 (2008) [arXiv:0802.1326 [gr-qc]].
[24] A. Sahay, T. Sarkar and G. Sengupta, Thermodynamic Geometry and Phase Tran-
sitions in Kerr-Newman-AdS Black Holes, JHEP 1004, 118 (2010) [arXiv:1002.2538
[hep-th]].
[25] R. Banerjee, S.K. Modak and S. Samanta, A New Phase Transition and Thermody-
namic Geometry of Kerr-AdS Black Hole, arXiv:1005.4832 [hep-th].
24
[26] R. Banerjee, S. Ghosh and D. Roychowdhury, New type of phase transition in Reissner
Nordstrom - AdS black hole and its thermodynamic geometry, arXiv:1008.2644 [gr-qc].
[27] P.C.W. Davies, The thermodynamical theory of black holes, Proc. R. Soc. Lond. A 353,
(1977) 499.
[28] B. Carter, Hamilton-Jacobi and Schrodinger separable solutions of Einstein’s equations,
Commun. Math. Phys. 10, 280 (1968).
[29] G.W. Gibbons, H. Lu¨, D.N. Page and C.N. Pope, The general Kerr-de Sitter metrics in
all dimensions, J. Geom. Phys. 53, 49 (2005) [arXiv:hep-th/0404008]. Rotating black
holes in higher dimensions with a cosmological constant, Phys. Rev. Lett. 93, 171102
(2004) [arXiv:hep-th/0409155].
[30] G.W. Gibbons, M.J. Perry and C.N. Pope, The First Law of Thermodynamics for
Kerr-Anti-de Sitter Black Holes, Class. Quant. Grav. 22, 1503 (2005) [arXiv:hep-
th/0408217].
[31] R. Emparan and H.S. Reall, A rotating black ring in five dimensions, Phys. Rev. Lett.
88, 101101 (2002) [arXiv:hep-th/0110260].
[32] H. Lu¨, J. Mei and C.N. Pope, New Black Holes in Five Dimensions, Nucl. Phys. B
806, 436 (2009) [arXiv:0804.1152 [hep-th]].
[33] G. Arcioni and E. Lozano-Tellechea, Stability and critical phenomena of black holes
and black rings, Phys. Rev. D 72, 104021 (2005) [arXiv:hep-th/0412118].
25
